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THE FIRST AND SECOND EIGENVALUES
OF THE SCHRODINGER OPERATOR
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ABSTRACT. In this paper the authors prove the following theorem:

Let Q1 be a smooth strictly convez bounded domain in R® andV: Q > R
a nonnegative convez function. Suppose A1 and A2 are the first and second
nonzero etgenvalues of the equation

—Af+Vf=2Af, flag =0.
Then Mg — A1 > w2/d?, where d is the diameter of (.

Let 0 C R™ be a smooth strictly convex bounded domain and W: ! — R a
nonnegative convex smooth function. The eigenvalues of the equation

(1) -Af+Wf=AXf, f=0, ondQ
can be arranged in nondecreasing order as follows:

0< A <A<,
B. Wong, S.-T. Yau and Stephen S.-T. Yau [3] proved that
(2) Ao — A\ > 72 /4d?,

where d is the diameter of (2. In this paper the authors will use the method of [3
and 4] to prove the following theorem:

THEOREM. Let () be a smooth strictly conver bounded domain in R™ and W: (1
— R a nonnegative convex function. Suppose Ay and Ay are the first and second
nonzero eigenvalues of (1). Then

(3) Ao — A >n?/d?,
where d is the diameter of (1.

The authors are grateful to Professor S.-T. Yau for his kind direction and help,
and to The Institute for Advanced Study, Princeton, N.J., for its support.

In this paper the assumptions of all the lemmas are the same as those of the
Theorem. We will not state them again.

Let f1 and f be the first and second eigenfunctions of (1); then fi(z) >0,z € Q2
(2], and u = f2/f1 is smooth to the boundary of () [3]. Suppose that

A = max u(z); — k = minu(z).
e z€Q)
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We may assume that A > k, otherwise, we can use — f, instead of fs.
Since [, fifo =0and f; >0, k > 0. Setting & = u/A, we have 1 > 4@ > —k/A =
—kand 1>k > 0;

o e

(5) a:L:T; 1>a>0.
1+k

P atd

Then v is a smooth function on (1. By computing, we have
(6) Av = -Xv+a)—2(Vv-Vliog f1),
where XA is Ao — A1 > 0.

LEMMA 1. Let 2(v) be a smooth function defined on ! and m > 0 a constant.
Suppose that

(7) G(z) = m|Vu|* # 2(v),
P €00 and G(P) = max, g G(z). Then Vu(P) =0.
PROOF. We can choose an orthonormal frame [y, 1o, ... I, around P such that

l; is perpendicular to Q) and pointing outward. We also use the notation 0/0z;
to denote the restriction of /; on (. Since G(P) is the maximum of G(z),

oG "
< — e IR / .
(8) 0< le( =2m ;:1 vV + 2

Furthermore, in Av = —A(v +a) — 2(Vv-Vlog f1), v and Av are all smooth on (};
hence

1 n
Vv-Vlieg fi = 7 [vl(fl)l +Ev¢(f1)i]
1=2
achieves finite value on 8. But f1]sq = 0, thus
=0.

[vl (f1+Y 'Ui(fl)z}
1=2 N

Since f; =0 and 91 and I;, 2 < ¢ < n, are the tangent vectors of 91, (f1):len =0,
2 <1 < n. Hence,

v1(f1)1 =0 on ON.
By Hopf’s lemma, 0f;/0z;1 # 0. Therefore,
9) vy =0 ondN.
Putting (9) into (8), we have

oG
(10) 0< mZ vivit (P) = 5= (P).
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From the definition of the second fundamental form in R™, we have (note vy = 0)
n
(11) vy = “Zhijvj,
J=2

where (h;;) is the second fundamental form. Putting (11) into (10), we obtain

0< - E mhyjv;v;(P).

1,J=2
Since (1 is strictly convex, (h;;) is positive defifnite; thus
n
0< -m Z hijvv; (P) < 0.
Q=2
Hence, v;(P) =0, 2 <1 <mn,ie, Vy(P)=0.
LEMMA 2. For any given b > 1,

|VU|2
22

<A1+ a).
PROOF. For € > 0, consider the function defined on {1

G(z) = [Vu]2 + A(1 + & + a)v?

Suppose G(P) = max, g G(z). If P € 99, by Lemma 1, we have Vv(P) = 0 and

(12) G(z) < G(P) = M1+ e+ a)v*}(P) < M1 +¢ +a).

Now we assume that P € (), and from the maximum principle we have that at P
0= V|Vo> + M1+ ¢ +a)Vo?

ie.,

(13) vv; = —A(1 + € + a)ovv;, 1<j<n.

Also at P
(14)

0>1AG Ev + Vo V(A0) + A1 + € + a)vAv + A(L + € + )| Vo2

= v} - [Vv|2 -2V -V(Vu-Viog f1) = X2(1 + ¢ + a)v(v + a)
1,9

—2X\(1+e+a)v(Vv-Viog fi) + A(1 + € + a)| Vo2,

If Vu(P) = 0, then (12) is valid. If Vv(P) # 0, we can choose an orthonormal
frame such that v;(P) =0, 2 <7 < n, and v;(P) # 0. (13) gives

(15) vi1 = —A(1+ ¢+ a)v, v1; =0, 2<i<n.
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Putting (15) into (14), we obtain
0> v3 + (e +a)\ Vo2 =201 (Vo - Viog fi)1 — A2(1 + € + a)v?
~ M (1+e+a)av—2\1+¢e+a)v(Vv-Vlog f1)
=A(1+e+a)w? = N1 +e+a)v? + (e +a)\Vv]2 = A3 (1+ €+ a)av
—2> wvivir(log f1)i — 2 vyvi(log fi)ir

i=1 i=1
=21+ € + a)vvy(log f1)1
= Me +a)[|VV)? + A1 + € + a)v?] = A2 (1 + ¢ + a)av — 2v1v11 (log fi)1
— 2v%(log f1)11 — 2(1 + € + a)vvi (log f1)1
= AMe+a)G(P) = X2(1 + ¢+ a)av + 2v; A(1 + € + a)v(log f1 )1
— 2vf(log f1)11 — 2M\(1 + € + a)vvi(log f1)1-
Hence
(16) 0> Ae +a)G(P) — \2(1 + ¢ + a)av — 2v3 (log f1)11-

Since W and (1 are all convex, log f; is concave [1], in particular, —(log f1)11(P) >
0. Noting that v < 1, we have

(17) Ml+e+a)a>(e+a)G(P), G(z)<Al+e+ 1)-6%& <Al+e+a).

From (12) and (17) we can obtain that G(z) < (1 + ¢+ a)X, z € (2. This is
[Vo]2 <A1 +e+a)(1—v?) <A1 +e+a)(B* —v?).
Letting ¢ — 0, we complete the proof of the lemma. Q.E.D.
LEMMA 3. A >1/(1+a)-72/d%
PROOF. By Lemma 2, we have

[V(v/b)] 1
m < )\1/2(1+a) /2.

Suppose that ¢; and g, € (1 such that v(q;) = 1, v(g2) = —1, and let L be the
line segment between g; and go. L lies on {1 completely, because it is convex. We
integrate both sides of (18) along L from g, to ¢; and obtain

(18)

(19) M/2(14a)Y2d > AV2(1 + )"/ ?length of L > arcsin% — arcsin %1
For any b > 1, (19) is valid and, letting b — 1, the lemma is completely proved.
Q.E.D.
If a = 0, then the Theorem is proved. Now suppose a > 0. From Lemma 2

[V (v/b)?

1_(v/b)2_)\(1+a), b>1
Set #: 0 — R, 0 = arcsin(v/b), arcsin(—1/b) < 8 < arcsin(1/b). Then

[V (v/b)?

T = |VO[2 < A(1+a).
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Obviously, V8 = 0 if v = 0. Define F': [arcsin —1/b,arcsin1/b] — R as

e IYOP
(20) F(GO) - el 1— (v/b)2
0(z)=0o

F(8(z)) is continuous on (2 and
F(6) < A1+ a), 6o € [arcsin —1/b, arcsin 1/b].
For any 6 € [arcsin —1/b, arcsin 1/b] there must be an z¢ € {1 such that

lV(v/ b)|?

8(z0) =00 and F(g) (/b)2( )

345

are valid. Since a > 0, we can define a continuous function ¢ on {1 which satisfies

(21) F(8) = A (1 + %(p(@)) . p8) <b.

LEMMA 4. The C*® function y: [arcsin —1/b, arcsin 1/b] — R satisfies
(i) y(8) > ©(0), 6 € [arcsin —1/b, arcsin 1/b];
(ii) there is an zo € (1 such that 6(zo) = fp and y(6o) = ©(6y);
(iii) y(8) > —1 for any 0 € [arcsin —1/b, arcsin 1/b];
(iv) ¥'(6o) > 0.
Then the following inequality ts valid:
©(6p) < sinfy — o (6p) sin G cos by + %3/’(00) cos? .
PROOF. Consider the function ®(z): {1 — R,

2
®(z) = {bL—V_v% - A1+ cy)} cos? 9,

where b > 1 and ¢ = a/b. Obviously, ®(z) <0 for z € 1 and ®(zp) =0, i.e., ®(z)

attains its maximum at zg, since
2

o(z) :%lelQ—)\< b2> (14 cy).
If Vu(zg) = 0, then
0= &(z0) = —A(1 = v*/b%)(1 + cy)|=

and
y(zo) = —1/c = —a/b < —1.

This contradicts the assumption (iii). Thus Vu(zo) # 0. By Lemma 1, zo ¢ 0},

i.e., zg € (1. According to the maximum principle, we have
(22) Vo(zo) =
(23) Ad(xp) <0.

For convenience we write ®(z) as

O(z) = %|Vv|2 ~cos? (1 + cy).
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Then 1
®; = 7 E vivi; — AL+ cy)(—2cosfsin0); — ccos? 8y'6;.
1

(22) gives that at zq

(22') % Z v = Aey’ cos? 6 — 2(1 + cy) cos O sin 4]6;, 1<j<n

And also
=52 Z U + Vv V(Av) ~ Accos? Ay

- /\(1 + cy)A cos? § — 2XcV cos? § - Vy
=5 E 2 + 5 Vv V(Av) — Accos? 0(y"| V| + ' AB)

+ 4/\cy cosfsin0|V)? — \(1 + cy)A cos? 6.
From (23) we have that at z
> 43 E vh+ 53 Vv V(Av) = Accos? (y"|VO|? + / Af)
(23)
+ 4)\cy cosfsin 0| VO|? — A(1 + cy)A cos? 6.

Since Vu(zg) # 0, we can choose an orthonormal frame such that v{(zg) # 0 and
vi(z0) = 0, 2 <7 < n. Then by (22’) (note sinf = v/b, §; = v;/bcosb)

v;1 =0, 2<1<n,
v11 = (b/2)A[cy’ cos 6 — 2(1 + cy) sin 6].

Now we compute the terms in (23') at the particular frame

Vv V(Av),, E ViV = E v1 (V55 )1

(24)

(25) =v1[ (v+a) 221)@ log f1) ]
= —)(Ul — 2’01 Zvﬂ lngl T 2vai(logf1),-1

= —v? + 2vv011 (log f1)1 = 202 (log f1)1n (" (24)).
From Av/b= Asinf = cos A6 — sin 0| V|?, we have

_ 1 JAe 2
(26) A = g [— +sin 6|V0)| }
And
Acosf =A < > :———Av b—22(vAv+|VV|2)
(27)

= ——vAv —2cos? 0| VO|%.

Tl w0
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From ®(zo) = 0, we have at zg

1Vl 1 V2 [Vof?2
T b2cos?l B2 1-(v/b)? B2 — 2 =M1 +cy).

Putting (25)—(28) into (23'), we obtain that at o

(28) V|2

2 2
025 Dok + p[—/\vf — 2viv11 (log f1)1 — 2v3 (log f1)11]
%)

(29) - A {/\y"(l +ecy)+y <% + %) A1+ cy)] cos? 9

+4(1 + cy)A%cy’ cosfsinf — A(1 + cy) [—%vAv —2Xcos?0(1 + cy)J .

Since |Vv|? = v} = b%cos?8|VH|? = A2cos?0(1 + cy) (.- (28)) and Av =
—A(v+a) —2Vv - Vlog f1, (29) can be written as
0> b% }: v} — 2X%(1 + cy) cos® § — Acy” (1 + cy) cos? 0
o
+2X2cy cosO(sin @ + ¢) + 3X3cy’ (1 + cy) sin O cos b
+2X(1 + cy)? cos? § — 2X%(1 + cy) sinf(sin § + ¢)
4 4
- pv'f(log fi)n - §v11)11(10g fih
+ %/\[cy' cos 6 — 2(1 + cy) sinf)v; (log f1);.
Putting the second formula of (24) into the above inequality and noting that
(log f1)11 <0, we have
0> 1)2c2(y')? cos? 0 + 202(1 + cy)? — 2X%(1 + cy) cos? 6
+ A2¢y’[(1 + cy) sinf cos § + cos O(sin 0 + c)]
— A%¢(1 4 cy)y” cos?6 — 22%(1 + cy) sin O(sin 6 + ¢).
Dividing both sides of the above inequality by A%(1 + cy) > 0, we have

sinf + ¢
1+¢

0>y <sin00080 + cos > —y"cos?0 + %(1 +cy) — % — 2siné,

sinf + c)

2y — 2sinf < y” cos? 9 — ¢ (sin0c080+cos0 T+ ey

Since —1 < y(fp) = p(fp) < b, thus,
ly(6o)| < b,  y(6o)sinby < |y(fo)||sinby| < bv(f)/b< 1

and -
c + sin > s

> cysinf inf > (1 ind .
c>cysinf, c+sinf > (1+ cy)sinb, T+ ey in 6

Since y'(6o) > 0, we have
lp(oo) = y(00) <sinfy — y’(00) sin g cos gy + %y’l(00)0082 0. Q.E.D.
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LEMMA 5. Define a function ¢: [-7/2,7/2] —» R as
b(6) = (4/7)(0 + cosB:inH) — 2sinf
(30) cos? 6
Y(-71/2)=-1,  P(r/2) =1
Then v 15 a C™ function in (—m/2,7/2) and is continuous on [—7/2,7/2] and also
y = (0) satisfies the following equation:

(31) y —sinf + y sinfcosf — 3y cos® § = 0,
and y'(6) >0, 6 € (-7 /2,7/2).

PROOF. See reference [4].

LEMMA 6. Let () be the function defined by (21). Then

y 0e(=7/2,7/2),

arcsin}
b’ bl’

v(8) < ¥(8), f € |arcsin —
where (0) 1s defined by (30).
PROOF. We will use the reduction to absurdity. If
(32) = ¢(60) = ¥(6o) = max{p() - ()} >0
we could choose ¥(0) + 0 = § as y in Lemma 4. Therefore,
() = 4(6) = ¥(0p) + o < sinfly — ' (o) sin b cos by + %w"(Oo)cos2 6o = (o).
This contradicts (32). Q.E.D.
PROOF OF THE THEOREM. By Lemma 6, we have
V62 = 'V”' 5 <A(1+3000)
where (0) is the function deﬁned by (30). Hence,
IV
(33) W2 >
1+ (a/0)9(8)

Obviously,
(34) P(0) =0,  »(-0) =—y(0).
Integrating both sides of (33) as in Lemma 3, we obtain

arcsin 1/b
A1/2d > / / d—e
- arcsin—1/b \/ 1+ (a/b)ll)w)

B arcsin 1/b 1 1 ) i
-, <¢ T @00 V- @00
Since | % (a/b)¥(6)| < 1,

1 1 _ 4p—1) a 2p .
V1+ (a/b)y \/1— (a/b)y 2[1+E (b> z/ﬂ]m

Thus

2
/24 > 2arcs1n%, > 4 <arcsin%> .

Letting b — 1, we obtain A > n2/d%. Q.E.D.
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